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Project overview

Orthogonal Frequency Division Multiplexing (OFDM) is a cornerstone waveform in 5G systems and
subsequently in the 6G systems, characterized by its orthogonal subcarrier decomposition. In this
project we seek for novel mathematical representation of OFDM waveforms within the framework of
Hilbert spaces, exploiting the tools of functional analysis and operator theory.
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Each OFDM symbol is modeled as an element of a separable Hilbert space H, spanned by an
orthonormal basis of complex exponentials. The modulation process is viewed as the action of a
bounded linear operator on basis vectors, translating digital data to waveform projections.

Channel effects are treated as compact or bounded operators acting on H, allowing for a rigorous
spectral analysis of frequency-selective fading. Linear time-invariant (LTIl) channel convolutions are
expressed via Toeplitz or convolution operators in H, while time-variant distortions are mapped using
time-shift and Doppler operators. The cyclic prefix is reinterpreted as a unitary extension operator that
preserves inner product structure and enables circular convolution via diagonalization in the Fourier
basis.

This abstraction enables the modeling of SINR, PAPR, and equalization as operator norms or eigenvalue
spectra, offering deeper insight into system performance. Pilot placement and channel estimation can



be framed as projection problems within subspaces, and MIMO extensions lead to tensor products of
Hilbert spaces with operator-valued matrices. This formulation paves the way for advanced waveform
optimization and Al/ML algorithms built upon the structure of Hilbert space mappings.

Finally, we explore connections to quantum information theory, where signal states can be seen as
guantum-like vectors acted on by observable-like operators, offering a unified, geometry-preserving
theoretical lens for future 6G waveform design.

Benefits on operator representations

This formalism introduces several theoretical and practical benefits across the 5G stack.

- Unified Representation: Subcarriers are orthonormal basis elements in H, the Hilbert space of
square-integrable functions L?([0, T]). Modulation maps bit streams onto linear combinations
of these basis vectors. This allows generalized signal definitions over continuous or discrete
time-frequency domains.

- Channel Modeling as Operators: Frequency-selective and time-varying channels are expressed
as bounded or compact operators on H, such as convolution, multiplication, or time-shift
operators. This captures dispersion and fading effects within operator algebra rather than
matrix heuristics.

- Energy Preservation via Unitarity: OFDM’s DFT/IDFT operations become unitary operators in H,
preserving energy and inner products. This provides guarantees for power normalization, signal
integrity, and optimal decoding in noise.

- Processing Load Optimization: The modular operator structure enables functional
decomposition, allowing efficient implementation using sparse or block-diagonal operators. This
leads to low-complexity equalization, FFT acceleration, and scalable baseband processing.

- PAPR and Spectral Leakage Analysis: PAPR becomes the operator norm of the OFDM synthesis
operator, allowing analytical bounds and optimization via eigenvalue control. Similarly, spectral
leakage is related to basis overlap, quantifiable through inner product estimates.

- Channel Estimation via Projection: Pilot-aided estimation is modeled as projecting noisy
received vectors onto known pilot subspaces. MMSE and LS estimation then become orthogonal
projections in H, offering geometric insight into estimation error and interpolation.

- Al/ML-Informed Beamforming: Using this formalism, learned precoding and beamforming
operations can be trained and interpreted as learned linear operators acting on user signal
subspaces, facilitating explainable Al in the physical layer.

- Energy Efficiency and Resource Allocation: Since operator energy norms reflect physical
transmission energy, optimal resource allocation, power control, and gNB energy modeling can
be reformulated as Hilbert space norm minimization problems.

- Channel Capacity Estimation: Shannon capacity over OFDM in fading channels maps to the
spectral entropy of a random operator. This yields refined expressions for link adaptation,
modulation selection, and scheduling with better predictive accuracy.

- Extension to 6G Waveforms: Beyond OFDM, future waveforms (e.g., OTFS, FBMC, or quantum-
inspired modulations) can be systematically embedded into the same Hilbert framework,
enabling waveform unification, interoperability, and hybrid designs.



In conclusion, the Hilbert space operator formulation provides an elegant, physically grounded, and
computationally efficient approach to model, optimize, and analyze 5G OFDM waveforms. It bridges
classical DSP with functional analysis, offering both performance gains and engineering insight, and

unlocks next-generation extensions in 6G Al-native RAN.
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